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PC P fo r N EXP Non-Deterministic Exponential Time has

Two-Prover Interactive Protocols

So _"_Q‘, we constructed PCPs fOI' NP - Laszl6 Babai E Lance Fortnow i‘, Carsten Lundl
NP pPCp [ £c=0, Es= ‘A_ , 2 = {0,1} , /) =QXP(n), q:O(l) , I’=poly(h) J
NP < PCP [ &.=0,65=Y%, = ={op} £=poly(n), q= poly(logn) , = O(Iogn) ]

N

Todcxy we construct o PCP jc‘or NEXP :

theorem: NEXP ¢ PCP[ €.=0, &=, 2 = {01} £=exp(n), q=polyM), r=poly(n )]
exp(n) poly(n)
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In o prior lecture we proved that PCP < MEXP , SO we conclude that PCP = NEXP .

* £ = exp(n) is the correct regime since the witness and computation have size exp(n)
* q=poly(n) is exponentially smaller than witness and computation size

* PCP verifier time is. poly(n) (by definition) , exponentially smaller than original computation

The first example of “VeriFicaTion Faster THAN COMPUTATION' +hot we see for PCPs



Towards Sublinear Verification [1/2]

To achieve SuBLiNEAR VERIFiCATION we must:
@® consider o problem where |description| « | computation |

@ design o PCP werifier thot uses only +he description (does not “vnroll® the computation )

We have seen examples of |description| « |computation| when constructing IPs

Ex: In #SAT we are given a boolean formula qD‘.{O,\}n—’ {0} and VEN ~and must check
[{aefo" | pl@=1} v
Ex: in TOBF we are given & boolean formulo. @: {O,I}n—> {0,'} ond must check

Fx, 3% X Pl xn) = |
Tn both cases the description has size |@| but the “computation’ has size 219l

For PCPs we have NOT yet considered such problems .

We hove built PCPs for NP—comPId'e Problems where Idescrip'\'ionl 'V|compu‘l‘o‘l'ion| ;

GESAT (F) = { Cpiyey ) | 3aef" st pla)=--= p,,,(a)=o}



Towards Sublinear Verification [2/2]

To achieve SuBLiNEAR VERIFiCATION we must:
@® consider o problem where |description| « | computation |

g@ design a PCP verifier that uses only +he description (does not “onroll™ +he computation )

The PCPs thot we desigv\e.d reason about the computation , ot its descri ption:

PCP for QESAT(F)

P((py-.pm),0) V((p.,..pn)
|. For every o€ e l. Somple ¢ € e .
— W ComPuhng B- and
o P" = T( P\,..., I?“/'O") 2. CDW\PV"Q Pr = o€ Z I Im Vs .Pit“'.'\:.' ) A
Yr-rse<He evaluating Cg tokes
e Tlse[s]:= eval table for f it 3. Run sumcheck to check Hhat Pria)=o:
sumcheek. cloim ‘prla)=0’ ZHsv Co(%p)-800-&(B) = 0 time poly (m,n)
+ ovkpt T[] ‘ Q T even if (py,.,Pn)
A =S, Vs (FF, Hy, 28,0, 2-(IH\-1)) has “structure’
2. Qutpet &:FHF as T, [ | Ve[ H 250 224

(The LYE of a:(m1~F.) N Run (individval) \ow-degree. test on Ta:
Viar (F, 5y, Ie121)




Interlude: Cook-Levin Theorem

We review the ideas thoat undetlic the Cook-Levin theorem:

theorem: SAT is NP—harcl (VLe NP, L is Polynomial-ﬁme reducible to SAT)

Fix Le NP ond let M. be a nondeterministic Turing machine that decides [ .

For an instance x, M (X) accepts if and only if xel,

The proof expresses a valid (and accepting) execotion of M (x) as o SAT instance 9.

So let vs rview nondeterministic Tur'ma machines.

A nondeterministic Turir\3 machine M is sFecified by:

4
& I [ f:ex[->27 9o e
states ir\Pui' +qu o : power set
alphabet alphabet non.ddermm\s’n ¢ (setofal sybsets) start acept
Tl transition {-\w\c:hon shate shae
ve NI

head tape
state position Cor\fl:yd’x

A Con?iauro{\'ion 0¥ M IS (q/‘j/ g /. //delima+gr
We encode the configuration as a si'rins #01qay ¥

where 0=0,6; and @ consists of - symbols.
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Interlude: Cook-Levin Theorem

12/2]

A compufation frace of M(x) is a valid list of configurations starting from (Qo,!, Xuu-).

We design @ st @(2)=1 € 2 i & (bookan encoding of ) Computation trace of M(x) that accepts.

Suppose M(X) Fung iIn time T (# of ConQigurod'ionS) ond space S (|0n3Q3‘|' encoded con?isuroa‘ion).

The variables are {z‘ii,;\,q-}iem where 3= Qul vi#}

jels] €2

The SAT {:ormula CP has 4 PQrT S: (P= (?ce“ AN Qo N Broe N Yoceert

* each cell contains exactly one symbo) :

?cell = ie/\[T'] 36./[\8] [(Xz 2i,:;,t‘ ) 4\ (3/*\“2 Zi,j,r/\Zi,:\ﬂ: )]
T

* starting configuration is (qo,), X L)
n s-1
(‘)S{m = 2|,|,# A 2|,z, °A(j/==\| 2’»1*:‘,)(:') /\( /\ Z'z:\/l-') A Z‘\,s,#

=043

. endir\s con?igufo‘f ion contains Qe *

= z_.
Q«C«P" :,ev[ S 'J T; Jd Y} q aceept

e each 2x3 window is Iegal:

?movz = /\ /\
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d[e]f] ¥
#
Qe %
) B ) B - W
B B B - #w

) where W is the set of legal -windows,



Interlude: 3CNF Descriptors

Let @ be o 3¢VF formulo with m clavses over N variables xi, . x,.

EXQMP‘Q: ? = (X|V)-(-5VX;)A (szxsvxl,)/\(-x—gvisvxé) A(flvx7vxa) o

Any clavse in @ has the form V‘.i. (Xvieci) for some v,va,velN, C,G,cefo}.

Ex: (XZVXSVX,,) has the form (X,_e|>V(X5-$o)V(X4(BO)_

A descriptor for @ is o function D: INFx{oi ¥~ {01} st

¥ wwyvelN] Yo elond Dwwy,c,a,c)=1 © @ contains the clavse VAd (%, ®Ci)
Ex: for ¢ above, D(1,53%0,0)=1,D(25,4,1,00)=1, D(3,5,,11,0)=1 Dl2,28100)=1,

& D is 0 on all other inputs.

We can relobel the N variables via strings in {o11" for h=logN
so o descriptor for ® is now o Lonction D={0,1}3"+3—>{0,l} st.

¥ wnvelo ¥accelond Dl o a,el=1 © ¢ contains the clavse Vi, (Xvieci)
Ex: for ¢ above, D(000,100,10,0,1,0) =1, D(0o1, 100,0n,1,0,0) =1 ,. D(o10, 100,10 1,1,0) =1, D(oo1,1t0,11,1,0,0) =1,

£ D is 0 on all other inPufs_

OBSERVE: o boolean circuit D may describe o much lorger 3CNF @ (eq. IDl=poly(n) and IPI=exp(n)).



A NEXP-Complete Problem [1/2]

mne N q):{O,I}m+3n+3—>{0,\} boolean formula }
FA: 0 )= {01} ¥welonl” ¥vwelont ©(www, % AW Al),AM)=0

def: OSAT := {(m,n/qv)

claim: OSAT is NEXP-complete

proof: Suppose thot L e NEXP and leb M be & NEXP machine deciding L.
Let X be an input to M,

By +he Cook-Levin Theorem (R sAT»33AT reduction), can reduce (M,x) to a 3(NF &, st

* &, hos Ny= 7L
X

¢« M=t < JA:[N]=101} (A=t

Set  n=logN, = poly(ix) , and  relabel [M] as {o,;}", Denote @, s variables as {XV}Ve{o,\}“ .

variables (and M= 2™ (uses )/

}3”4‘3

Moreover, 3 poly(ixl)-size circvit D:{oit — {01} that specifies 8's clavses:

. 3
Dx(v',vz/\/s,Cl,Cz,Cg)""" <« &, contains clause Vii (XviGBCi)

Therefore Mix)=I < 3 A:{o¥={o1} sit.
Vv, elol ¥e,a6elod Dlvivavs,c,c. ) /\('\3/| A(vi)e C, )= o .




A NEXP-Complete Problem [2/2]

m+3n+3
mne N, q):{O,I} - {01} boolean formula }

def: OSAT := {(m A "
") AA: {0} =101} ¥welo” ¥vpeyselony @ (wwwe,u, AW Alv) AG) =0

claim: OSAT is NEXP-complete

Pl'OOfi [ continved ]

Therefore. Mix)=I. < 3 A:{o)¥={o,} sit.
Vv, e{ol” ¥e,c ¢ efon Dx(Vl,Vz,V3IC|IC7_,C3)/\<.|\Z A(vi)e C;)= 0..

Reduce the boolean circuit D o o boolean formolo i {oa}™ """

m= O =poly(ixt) and |%l=0(DJI)= poly(ixl) st

U
¥V\,V1,V3€{O,l}" ¥ ¢,¢,ce{0) DdviVay; €,G,G) =1 & Aw'efo " ey ¢, G, W) =1

—1{0,1} with

DQQ.\Y\Q CP(W, V\,Vz,V;,a.,Qz,ag):: \H(V'/Vllvhci,cl,cs,\/\/') A (}z Q; ® Ci)

where w=(C1,C2,C3 W) e{o11” and m=3tm'.

Tn sum, M= < FA:{o)}=1{01} st
Fweio" My, vy, efol @(w,viv.vs, A),A(v) Alvs))=0 . N



Part 1: Arithmetization of OSAT

claim: There is a Folynomial-ﬁme transformotion T s.t.
A ﬂ:mama

O T(F,(m,n,9)) ovtputs a circvit @: >F st 19l<lpl ond deg,,,,,(zl\))sl@l
@ (m,n,p) € OSAT «> 3 multilinear A:F ->F ¢t

— booleanﬁy: A is boolean on {O,l}h

— 2ero on subcwbe: ¥we{on}" ¥ WiV V; € {o))" @(W/V\,VI,V3'1&(VI),A\(Vl),;o:(\/g))=O

roos:

The transformation T outputs £\\>== arithmetize (F, @ ).

This ensures thot |$|$|CP| and deg,m,f@)&lq’, ond @E‘P on every boolean input.

ComPLETENESS: Tf A:{o,l}n—> {01} is a witness for (m,n,‘P) € OSAT then

A 4 - : . O : 1.
A := “moltilinear extension of A" sotisfies the booleanity and zero-on-subcube conditions

SoundNESS: Tf (m,n,®) & OSAT then ¥ multilinear A: F"—F

e A is not boolean on {o,n}", OR

e Jwelo™ Fwvaelof Qw,vivevs Aw),Ak) AL) = Plw, v, vovs AlW) Al Alv)) 0 . I

Y A

10



Part 2: Zero-on-Subcube Test [1/3]

Given oracle access to §:F=F that is §-close to /'f\ of individval degree d
check +hat ?‘ano , f:F">F

"‘v“:D

Tdeo *1: query F of every point in H“ ond check if O

Problem: i-F even | corrop‘l‘ion IS in Hvl
—> kest is not sound

H"io

then test moy accep'l‘ W.p. 41 even i{: f

Tdeo#2: locally correct the valve of J‘l ot every point in H" (and check if 0)

‘V\

Problem: [H

is too many queries

. A ?
Ldea#3: ryn sumcheck Profoal on sum of squares XH“ f(a)" =0
Q€

Problem: for every fivte field F, Zict=0 % Yi G=0 over F
Tf char(F) 20 (eg K is finite) then the implication does. not hold. over [F.
The implication holds for some fields with char(f)=0 (eg. R and. @ bt not C),

11



Part 2: Zero-on-Subcube Test

[2/3]

Given oracle access to §:F=F that is §-close to § of individual degree d

check that HHn’—_‘-o , f:F>F —Iy
Final Tdea: rondomized teduction to sumchecK
Let int:H->{o,., IHI-1} be an e{‘fider\'\'\y computable bijection ,
Consider the polynomial A Hay) int (0vn)
P %(Xl,...,xn) = Z '? a,.. Q4 Qn) Xm Xl: y

Qy,...,Qn€H
If ]’C\‘H'\EO then g=o0.

1f HHn':'F'LO then 920, so " g';pr [9(s,..,5)= o]<n(lll|;l:|I )

Hence it suffices to check thet 2 -F(Q\,...,Om) o @) g int@n) Lor random 6., 0n € IF .

Q|,...,Q,,€H
. A m'\'(ﬂ)
To moKe +he oddend o Polynomial: Y oeF define T (x):= ZH LH (x)
O€ /[\
In sum it suffices to run sumcheck on this claim: a-th Lagrange

poly nomiol- over H

> {— L0n) (0 G (0n)  for random 6. 0nefF .
Qu,...,0neH

12



Part 2: Zero-on-Subcube Test [3/3]

- close to fe fsd[)(.,...,x..]

A7 |
=0 n
e o F
P(F, Hon f) |H V$ (FH,n,d)
For every @,.,on¢elf: { ) SomPIe 70i,..,00 € F.
output eval foble Tse[6i,.. @) of Run sumcheck for the claim:
. { Trsc[q-] } Z 'c(Ql Qn Tr Q‘(Q,) (0 8
IP prover for sumchecK claim W
Z: ]C(G ) ks 6’;(6;) =0 n
- On€H 4 T\j ceff Vee(F.H,n,0, d)
Nddm vars Sv Mdaru
U — 1
proof length: | Thel = IFF|™ OUFI® (HI+d)) = IFI°™-(HI+d) = (g, g) = {(8,.5)-T &g
quel—y complexH'y: l. Query § at (8., 9).
- h quehes to T ( each rd’rlevmg IHI4d elts) 2. E)\" every ie[n]: evalvate §; ot <.

— 1 random query +o §
verifier fime: poly (n,|Hl,d) for Ve + “'Pol)’(lHl) to evaluate {&}'\e[ﬂ

N

CoMPLETENESS: if -¥sz flin=0 then ¥a,..cefF & fla,. /Qn) & (@)=0 so Ve accepts wp 1

H Q,.,0neH

SOUNDNESS: ]{: A({?)gé/\(: W FO then, except w.p.¢ ——— n-(HIE) - oyer 6,..,0n€fF, > {3(0. a..);le-';]&(o«a)#o/

' F I °|, ’a'\e

so Vg accepfs W.p. § A (IHIIH:Il+d) +9 (regardless of Pcp si'l-mﬂ'lT).
13




Putting the Two Parts Together

P((m,ne) A)
I. Compute §:=T(F,(mn,g)).
2. For evety ¢ e F".

ovtput sumcheck proof T [0] for
>, A2)(Al)-1)-TT§i(a)=o0.

Q& {o, "

M‘\'37\
3. For every o0eff

o\)’rp\ﬂ' sumcheck Proo('- T (6] for

Z ?(W LAY N3, Alv) A(VJ A(Vg)) T 0’(%) 0

Q= (U Vi vl’vs) i€ [m+3n)

4 Ou+pu+ AEF os Ta.
(The multilinear extension of A:{oi={o1})

-~

e L]
T 1) el
o'
2 anﬂ’h

_FE-

T-T4.

V((m,n, o)
|. Compvi‘a $==T(]F, (M,V\,?)).

2. Somple ce " and run sumcheck for

S Ala)(Alo)- l)TF §i(ai)=o0 .

3, Sample ce F™

ae{o, "
Vsq(lf,{oﬂ n,o, 3)
fid ain chrs Sum d eqree
¥ ¥
(g'r"/g'\) ©

* qwery Ta at (8. gn)
« for every ie[n1: eval &(x) ot ¢

" and run sumcheck for

2 (e 5, Rt Ay, Re)- T Gildi)=0
Q“(WV:V;V,)
e{o,}msn

VelE oo o g1

vars g N\ ﬂrQQ

(g' /?n-m\) =>

(1\)€|’)/ Ta at (gm+l, ,gw\ﬂ\)
ghﬂ\*‘: :gm-}Zt\‘

(gmu\u, -1 mtan)
'{’o\- every i1elm3n]: eval & ot ¢

seval § at (g,,.,9,n43n,005, 0nS; ans,)

LV (F,n, |nd<3)

VN’

14



P((M,V\,Q), A)
‘. COMP\I{'Q @ :=T(“:, (MI“IQ))-
2. for every ceff":

ovtput sumcheck proof T (0] for
S Ala)(A (a)—l)-.Tr 6i(ai)=o0 . <

ac{s, "

3. For every 6eff

O\ﬂ'P\)‘\‘ sumcheck Pl'oo# T (6] $or

Analysis

M‘\'3'\ -

2= o(ww Vv Al w)- 1T G(a)=0
R A A w), AW A 11 ¢
éfo,|}"“'3"‘ .

4 Qutput A:E™F os Ta.
(The multilinear extension ¢f A:foif{o})

e Soundness error

max { €(8), 48+ 0 (%2)+ of - (iek) )} o)

o proo’r' |2'\£’\ (in field elemen+s)
Tl + TR 14T = [T+ IF™ O

¢ query complexity

Im-l-Sn m+ 3'\

(F 1)+ IF™ " 0(IF|

(1+3+q,,.) + - 00) + (mt3n)- ||

o vetifier time ( iy field opem‘l'ions)

Po\y(l@l)i-Poly(hH— Polyfl@m-l: = poly(lol)

V((m,n,0))
|. Compute @=T(F, (mng).

2. Sample ceF" and run sumcheck for

) Z} A(a)-(A (a)-n)-.l[ﬂe"’.(m)=0.
(l)[d > ae{u
Vsc(lF{m} n,o3)
7T~ )G.e“:'\ fidd  domain varssmdﬂru
X (g"“’g“) = " qwry Ta at (g,,. ,gn)
$ « for every ie[n1- eval &(x) ot g,
@
T [s] 3. Sample e ™" and run symcheck for
2 )G_e“:nﬁh
— a-mzmt)(w W15, A, A R T Gilai)=0
T'_A “:_3 e{m}m-ﬁl\
— Vse (F, {0} m+an
1. Sc( g A, e g? »0, "pg‘rﬁ')
(I
g ?fa ) © ° q\)ﬁ"}' 1I'A G"' (gn-}l,...,gp\-u\)
Cmtntl, - Smazn )
g ,°%1 1Y
{-’or every |e[n+3v?]mgml fg:‘:)r 9
ceval § at (g,.,93n,005, OnS, ansy)
LN (F Ly mcﬁ;')
91) = Iﬂ__lpoly(m,n) y 2|>o|y(rv\,l'\,lc»gl‘\’l)

= Po|y(n)+|>oly(l¢l) = roly(l‘\")

setting IIFl=poly(iel)

15
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